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Introduction
For many economists, a fundamental assumption of financial assets is that price changes 
are generated randomly without long-term memory. However, this theory was previ-
ously challenged by the pioneering study of Mandelbrot (1963) and today, price series 
persistence behavior is a well-documented property of many financial series (Mantegna 
and Stanley 1996, 2000; Carbone et  al. 2004). This property, known as long memory, 
caught the attention of many econometricians who introduced the ARCH model (Engle 
1982), the GARCH model (Bollerslev 1986), and many others for the long-range auto-
correlation of financial data.

For empirical finance, the presence of long memory in a market, stock, or index is 
relevant because of its incompatibility with the efficient market hypothesis (EMH), 
which states that price changes must be unpredictable. Since Fama (1970) established 
the three forms of efficiency (weak, semi strong, and strong), different methodologies 
have been used to test the efficiency hypothesis. Technical analysis has been tested 
for its capability of providing abnormal returns to investors. Others discussed the sta-
tistical implication of this hypothesis, that is, that stock returns follow a random path. 
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Physicists have provided a completely different perspective through the introduction 
of the Hurst exponent to study market efficiency (Beben and Orłowski 2001; Di Mat-
teo et al. 2005; Zunino et al. 2007; Cajueiro and Tabak 2005; Kristoufek and Vosvrda 
2014; Sánchez-Granero et al. 2020; Balladares et al. 2021).

Hurst (1951) attempted to optimize the storage capacity of a reservoir intended 
to regulate the natural contributions of the Nile River. Thus, the Hurst exponent is 
developed, denoted by H, and quantifies if a time series is uncorrelated ( H = 0.5 ), 
persistent ( H > 0.5 ), or anti-persistent ( H < 0.5 ). The Hurst exponent has been used 
in many applications to study the EMH range from stock indices (Matos et al. 2008) 
to commodities (Tiwari et  al. 2021; Kristoufek 2019), bonds (Bariviera et  al. 2012), 
currencies (Shahzad et  al. 2018), and cryptocurrencies (Dimitrova et  al. 2019; Kris-
toufek and Vosvrda 2019).

However, related literature has shown several problems related to the use of the 
Hurst exponent. The first issue is related to the lack of precision when the length of 
the time series is too short, as is the case with financial time series (Sánchez-Granero 
et al. 2008; Weron 2002; Willinger et al. 1999; Couillard and Davison 2005).

Another recent problem (Mercik et al. 2003; Barunik and Kristoufek 2010; Fernán-
dez-Martínez et  al. 2013; Sánchez et  al. 2015) is that classical self-similarity esti-
mators, such as Rescaled Range analysis (R/S) and Detrended Fluctuation Analysis 
(DFA), are not valid when the underlying distribution has a heavy tail, which is mainly 
used to model stock market returns [some examples are Bae et al. (2020), Zhaoa et al. 
(2021), Ciner (2021)].

These are the most important reasons why [see for example Sánchez-Granero et al. 
(2008), Couillard and Davison (2005)] how an inappropriate use of the Hurst expo-
nent can lead to erroneous conclusions about the existence of market efficiency, 
which can then lead to erroneous decisions by individual investors, institutional 
investors, and even policymakers.

This research intends to continue related literature (Kou et al. 2022, 2019; Li et al. 
2021) where novel approaches have been introduced in different fields of economics 
and finance. We present an improvement in not only the accuracy of long-memory 
algorithms but also in the robustness of the results from its application. A new pro-
cedure called the Kolmogorov-Smirnov (KS) method is proposed, based on the Kol-
mogorov-Smirnov statistic, which can be applied to any Hurst exponent estimation 
method based on equality in distribution. Findings show that this new procedure is 
extremely precise and less volatile than the original methods, mainly for long series.

However, although financial literature accepts that logarithmic price series are 
self-similar, this study provides a methodology showing that pure price series may 
be generally but not always necessarily self-similar. Therefore, we provide a simple 
but powerful method to check the self-similarity condition. Note that knowing that 
a time series is self-similar is highly recommended before making any estimations of 
the Hurst exponent; otherwise, the estimation is meaningless. To conclude, we study 
the self-similarity properties of the stocks in the S &P500 index and illustrate how 
to construct a confidence interval for the values of the Hurst exponent for which the 
series has self-similar properties, which can show whether an estimation is sensible or 
not.
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Revisiting Hurst exponent estimation methods
Since the introduction of R/S analysis (Hurst 1951), many methods have been devel-
oped for the estimation of the Hurst exponent. The most populars are R/S and the DFA 
(Peng et al. 1994). The R/S algorithm takes the range as a measure of dispersion, because 
it follows a scaling law that allows for the estimation of the Hurst exponent. The DFA 
algorithm, initially introduced for DNA sequences, quantifies long-range correlations 
in nonstationary time series. The properties of these methods for estimating the Hurst 
exponent using Monte Carlo simulations have been reviewed (Barunik and Kristoufek 
2010) and compared with others, such as the Multifractal Detrended Fluctuation Analy-
sis (Kantelhardt et al. 2002), Generalized Hurst exponente (GHE) (Di Matteo et al. 2003), 
and Detrending Moving Average (Alessio et al. 2002).

Other interesting proposals are Hudak’s Semiparametric Method (Geweke and Por-
ter-Hudak 1983), which is based on the simple linear regression of the logarithmic peri-
odogram on a deterministic regressor, the Quasi Maximum Likelihood analysis (Haslett 
and Raftery 1989), Periodogram Method (Taqqu et al. 1995), Wavelet Methods (Veitch 
and Abry 1999), Higuchi Method (Higuchi 1988), Whittle Estimator (Robinson 1995), 
Centered Moving Average (Alessio et al. 2002), Lyapunov exponent (Bensaida 2014; Das 
and Das 2006), and the higher-dimensional extension of R/S (Alvarez-Ramirez et  al. 
2008).

Although the applications of the Hurst exponent were initially widespread in econom-
ics (Diebold and Rudebusch 1989; Baillie et al. 1995; Hassler and Wolters 1995; Backus 
and Zin 1993), financial markets have undoubtedly been the field of greatest research 
interest (apart from the works mentioned in the introduction, Couillard and Davison 
(2005) and Dimitrova et al. (2019) contain an interesting summary of the main contribu-
tions). The reason is that the existence of memory in price series is considered evidence 
against the EMH. Determining whether or not financial markets are efficient in several 
of the ways established by Fama (1970) is one of the most interesting fields of research in 
finance.

However, first, Willinger et al. (1999) and then others (Sánchez-Granero et al. 2008; 
Weron 2002; Couillard and Davison 2005) revealed a lack of precision of classical algo-
rithms when using financial series, and thus the algorithms to be used when adapting 
and refining with financial data. In this line, relevant contributions are the geometric 
method (GM) (Sánchez-Granero et al. 2008), fractal dimension approach (FD) (Fernán-
dez-Martínez et  al. 2014), total triangles area algorithm (TTA) (Lotfalinezhad and 
Maleki 2020), triangle area algorithm (TA) (Gómez-Águila and Sánchez-Granero 2021), 
R/S_Com approach (Luo and Huang 2018), and the Bayesian approach (Wan et al. 2022), 
among others.

The methodology presented in this study aims to improve the efficiency of the algo-
rithms used in the case of financial series.

Mathematical background
First, we recall results, properties, and definitions from the Theory of Probability and 
Stochastic Processes that are to be used to mathematically formalize several con-
cepts and ideas. The new algorithm to calculate the Hurst exponent is to be tested 



Page 4 of 21Gómez‑Águila et al. Financial Innovation            (2022) 8:86 

on self-similar processes with stationary increments, and thus we need to know their 
theories.

Let (�,A,P) be a probability space. A random variable is defined as a measurable 
function X : � → R (see Micheas 2018). This means that for every Borel set B ⊂ R , 
X−1(B) ∈ A . Let T be an arbitrary set, a stochastic process {X(t,ω) : t ∈ T ,w ∈ �} is 
a collection of random variables in the same probability space. In our case, we take 
the index T as R+

0
 . The function t → X(t,ω) is called the sample path of the stochastic 

process X corresponding to the outcome ω.
In the same way that we can describe a random variable by its distribu-

tion, a stochastic process can be described by its finite joint distributions. Let 
{X(t,ω) : t ≥ 0,w ∈ �} be a stochastic process and take 0 ≤ t1, t2, . . . , tn < ∞ . Then 
for each Borel set B ⊂ B(Rn) and each ω ∈ � , we define the finite joint distribution as

We say that two stochastic processes have the same distribution if their finite joint distri-
butions are equals, denoted as ∼ . This equality can be defined as follow.

Definition 1 (see Micheas 2018) Let {X(t,ω) : t ≥ 0,ω ∈ �} and {Y (t,ω) : t ≥ 0,

ω ∈ �} be two stochastic processes on the same probability space (�,A,P) . The pro-
cesses are said to be equal in distribution if for each w ∈ � , 0 ≤ t1, t2, . . . , tn < ∞ and 
B ∈ B(Rn) it holds:

Other definitions needed for this work are related to self-similar processes and their 
increments; thus, we need to describe the main properties of these processes to for-
malize the new method to estimate the Hurst exponent.

Definition 2 (see Lamperti 1962) A stochastic process {X(t,ω) : t ≥ 0,ω ∈ �} is called 
self-similar if a parameter, called the Hurst exponent or self-similarity index, exists and 
is denoted by H, which satisfies the relation:

for each τ > 0 and t ≥ 0.

Interesting properties of these processes are the stationarity and self-affinity of the 
increments. We examine the processes with increments that satisfy these conditions.

Definition 3 (see Micheas 2018) Let {X(t,ω) : t ≥ 0,w ∈ �} be a stochastic process. 
The increments are stationary if they verify that

for all t > 0 and all τ ≥ 0.

Pt1,t2,...,tn [B] = P[(X(t1,ω),X(t2,ω), . . . ,X(tn,ω)) ∈ B].

P[(X(t1,ω),X(t2,ω), . . . ,X(tn,ω)) ∈ B] = P[(Y (t1,ω),Y (t2,ω), . . . ,Y (tn,ω)) ∈ B].

X(τ t,ω) ∼ τHX(t,ω)

X(t + τ ,ω)− X(t,ω) ∼ X(τ ,ω)− X(0,ω)
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Definition 4 (see Mandelbrot 2002) Let {X(t,ω) : t ≥ 0,w ∈ �} be a stochastic pro-
cess. The increments of this process are said to be self-affine of parameter H if they sat-
isfy that

for each t > 0 , c > 0 and τ ≥ 0.

A self-similar process with stationary increments has self-affine increments (see Trini-
dad Segovia et al. 2012).

Methods for the estimation of the Hurst exponent with an equality 
in distribution
In this section, we review methods for estimating the Hurst exponent. An important fact 
about these methods is that equality in distribution is verified (which is used later for 
our purpose).

Generalized Hurst exponent

The GHE(q) is an accurate method for estimating the Hurst exponent introduced by 
Barabási and Vicsek (1991) (see also Di Matteo et al. 2003). The GHE(q) is based on the 
scaling behavior of the absolute moment of order q of the process increments. The oper-
ation of the method can be understood with the following expression (see Barunik and 
Kristoufek 2010):

with c > 0 . In the procedure, we take a time series {X(1),X(2), . . . ,X(T )} and the kq sta-
tistic is calculated as follows:

where T is the length of the series and τ is the length of the sub-periods.
Literature (Gómez-Águila and Sánchez-Granero 2021) provided an alternative mathe-

matical justification of the GHE method for self-similar processes with stationary incre-
ments. Let {X(t,ω) : t > 0,w ∈ �} be a self-similar process with stationary increments. 
For self-similar processes with stationary increments, the following equality in distribu-
tion holds that

with t > 0 and τ > 0 . To obtain the GHE(1) algorithm, we can take take expected values 
from Eq. (2). Note that for the GHE(q) algorithm, we take only the moment of order q in 
Eq. (2),

and hence, Eq. (1) holds with c = E[|X(1,ω)− X(0,ω)|q] . To estimate the Hurst expo-
nent of a time series, we take logarithms in Eq. (3), obtaining a linear regression

X(t + cτ ,ω)− X(t,ω) ∼ τH (X(t + c,ω)− X(t,ω))

(1)kq(τ ) = cτ qH

kq(τ ) =
T−τ
i=0 |X(t + τ )− X(t)|q

T − τ + 1
,

(2)|X(t + τ ,ω)− X(t,ω)| ∼ τH |X(1,ω)− X(0,ω)|,

(3)E[|X(t + τ ,ω)− X(t,ω)|q] = τ qHE[|X(1,ω)− X(0,ω)|q],
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where the Hurst exponent estimation is obtained as the slope of the linear regression. 
Note that the expected values are calculated as the sample mean.

With equality in distribution for q = 1 , we then use the GHE(1) in our new method.

Triangle area method

The TA method (Gómez-Águila and Sánchez-Granero 2021) is an improvement of the 
TTA method introduced by Lotfalinezhad and Maleki (2020) (see also Berzin and León 
2008). TA is based on the area of the triangles formed in intervals of length 2τ , with the 
first, middle and last points of the interval (note that the area of overlapping triangles is 
also calculated). Let {X(t,ω) : t > 0,w ∈ �} be a self-similar process with stationary incre-
ments. The Hurst exponent can be obtained from

where AT (τ ,ω) is the distribution of the triangle area in an interval of length 2τ . This 
distribution can be obtained as

Thus, it follows that AT (1,ω) = 1
2
|X(t + 2,ω)− X(t + 1,ω)− (X(t + 1,ω)− X(t,ω))| . 

Indeed, Gómez-Águila and Sánchez-Granero (2021) proved that a self-similar process 
with stationary increments satisfies the next expression

and thus, we have the needed equality in distribution.
We take expected values and logarithms in Eq. (5) and the estimation of the Hurst expo-

nent is obtained as the slope of the linear regression

FD approach

Fernández-Martínez et al. (2014) introduced the FD algorithms, which are a generalization 
of the GM2 approach (see Trinidad Segovia et  al. 2012). These methods were tested for 
self-similar processes with stationary increments and their accuracy was examined for frac-
tional Brownian motions and Lévy stable motions (Fernández-Martínez et al. 2014).

Let {X(t,ω) : t > 0,w ∈ �} be a self-similar process with stationary increments. The fol-
lowing power law holds (see Corollary 3.6 in Mandelbrot 2002):

where M(τ ) = M0(τ ) and Mt(τ ) is defined as

(4)log(E[|X(t + τ ,ω)− X(t,ω)|q]) = log(E[|X(1,ω)− X(0,ω)|q])+ qHlog(τ ),

E[AT (τ ,ω)] = τH+1E[AT (1,ω)],

AT (τ ,ω) =
τ

2
|X(t + 2τ ,ω)− X(t + τ ,ω)− (X(t + τ ,ω)− X(t,ω))|.

(5)AT (τ ,ω) ∼ τH+1AT (1,ω),

(6)log(E[AT (τ ,ω)]) = log(E[AT (1,ω)])+ (H + 1)log(τ ).

(7)M(τ ) ∼ τHM(1),

Mt(τ ) = sup{X(r,ω)− X(t,ω) : r ∈ [t, t + τ ]} − inf {X(r,ω)− X(t,ω) : r ∈ [t, t + τ ]}.
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Note that Mt(τ ) is the difference between the maximum and the minimum of the series 
in an interval of length τ . If we take the expected value in Eq. (7) ( q = 1 ), then we have 
the method GM2 (Trinidad Segovia et al. 2012)

where E[M(1)] is constant. Moreover, if we use Eq. (7) with the moment of order q, we 
obtain the methods FD(q)

with q > 0 . The FD4 approach is defined when we use Eq.  (8) for a very low q (usu-
ally, q = 0.01 ). The FD4 algorithm has certain advantages for financial series, such as 
its accuracy in estimating the Hurst exponent of short series (Fernández-Martínez et al. 
2014). We use the FD4 method for our new method and for the simulations.

To estimate the Hurst exponent with the FD4 algorithm, we take logarithms of the 
expected value in Eq.  (8) and the slope of the following linear regression give us the 
Hurst exponent:

The KS method
To estimate the Hurst exponent, we introduce a new procedure (a meta method), that 
is, the KS method, to estimate the Hurst exponent. In most cases, existing methods use 
the scaling behavior (a power law) of certain elements of the process, and with a lin-
ear regression of the logarithm, the Hurst exponent is obtained. In methods described 
previously, we take expected values of the equality in distribution to estimate the Hurst 
exponent. However, equality in distribution is a stronger concept than that in expected 
values.

The new approach uses the mentioned idea of equality in distribution, on which basis 
various methods can be used. In this study, we illustrate this procedure with the methods 
stated in “Methods for the estimation of the Hurst exponent with an equality in distribu-
tion” section. In this section, we use the KS statistic, that is, the KS distance between the 
empirical distributions of two samples.

We then propose to use the equality in distribution, rather than the equality of several 
absolute moments of order q of the distribution, which is a stronger property. Next, we 
illustrate this approach for the GHE(1) method because the procedure is analogous for 
other methods.

Let {X(t,ω) : t > 0,w ∈ �} be a self-similar process with stationary increments; then, 
from the relationship of GHE(1) in “Methods for the estimation of the Hurst exponent 
with an equality in distribution” section, we obtain:

Note that in the GHE(1) method, expected values are taken in the previous expression. 
However, we take the distribution function of the distributions |X(t + τ ,ω)− X(t,ω)| 

E[M(τ )] = τHE[M(1)],

(8)M(τ )q ∼ τ qHM(1)q ,

(9)log(E[M(τ )q]) = log(E[M(1)q])+ qHlog(τ ).

|X(t + τ ,ω)− X(t,ω)| ∼ τH |X(1,ω)− X(0,ω)|.
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and |X(1,ω)− X(0,ω)| , denoted as Fτ and F1 respectively. From the last expression, it 
follows that:

with x > 0 , where the self-similarity of the process has been used on the second equality. 
Now, we define the next function with the Hurst exponent as a parameter:

where τ is the length of intervals that we select and D is the KS distance (see Hoboes 
1958). The Hurst exponent can be obtained as the parameter H that minimizes the func-
tion g. The minimum value for g indicates that the distribution Fτ is the most similar 
to the distribution F1 . Given that for τ = 1 , the distribution with the largest sample, we 
assume that it is the one with the most information and is therefore used for comparison 
with all the others.

In practice, we estimate the distribution function by the empirical distributions for the 
τ s selected and minimize the function g. To take the samples we use the equivalence

Figure 1 shows the empirical cumulative distribution function of samples of the GHE(1) 
method for different τ s of three different fractional Brownian motions. We can observe 
that the distributions are similar.

Figure 2 shows the examples of the minimization of function g for the calculation of 
the KS method, where the minimum of function g is calculated for a fractional Brownian 
motion, with H = 0.1, 0.5, 0.9 and size 210 . The results of the approach are 0.104, 0.498, 
and 0.903, which are close to the expected values.

To exemplify another of the KS methods, we show in Fig. 3 the calculation of the mini-
mum of the g function of the KS-TA algorithm for fractional Brownian motions, with 
H = 0.1, 0.5, 0.9 and size 210 . We obtain values of 0.113, 0.508 and 0.918 respectively, 
which are quite close to the expected ones.

Fτ (τ
Hx) = P[|X(t + τ ,ω)− X(t,ω)| ≤ τHx]

= P[τH |X(1,ω)− X(0,ω)| ≤ τHx]

= P[|X(1,ω)− X(0,ω)| ≤ x] = F1(x)

(10)g(H) =
∑

τ

D(Fτ (τ
HX(t,ω)), F1(X(t,ω)))

(11)P[
|X(t + τ ,ω)− X(t,ω)|

τH
≤ x] = P[|X(1,ω)− X(0,ω)| ≤ x].

Fig. 1 Empirical cumulative distribution function of the samples of the GHE(1) method from fractional 
Brownian motions, with size 212 and Hurst exponent A 0.1, B 0.5, and C 0.9
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To conclude this section, we present the algorithm used to obtain the Hurst expo-
nent of a time series with the KS method. We show the algorithm applied to the GHE(1) 
method, being analogous to the rest that imply an equality in distribution. The algorithm 
has the following steps. 

(1) We define the scale range of τ for the algorithm that is usual to take as 
{2n : n ∈ {pmin, . . . , pmax}} , where pmin and pmax are the minimum and the maxi-
mum power, respectively (Barunik and Kristoufek 2010). In our case, we take the 
scaling range as {2n : n ∈ {0, 1, . . . , log2(length(serie)/8)}}.

(2) For each τ , we calculate the value of the samples taken from the series correspond-
ing to the method (implying equality in distribution) that we are going to use. In 
our case, we estimate |X(t+τ ,ω)−X(t,ω)|

τH
 (expression 11) for each τ selected.

(3) We construct the empirical cumulative distribution function for each τ . Note that 
the distance will depend on the parameter H, which is the one we want to estimate.

(4) We calculate the KS distance between the empirical cumulative distribution func-
tions for τ and τ = 1.

(5) For each τ , we add the distances, obtaining the function g(H) (expression 10).
(6) We calculate the minimum of function g(H). The value of H that minimizes this 

function will be our estimate of the Hurst exponent.

Fig. 2 Graphs of functions g between H = 0 and H = 1 with the KS‑GHE(1) method for a fractional Brownian 
motion with size 210 . The Hurst exponents are A 0.1, B 0.5, and C 0.9
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The algorithm of the GHE method is given in the literature (Aste 2022). As can be 
seen, the main difference between the algorithms is that in our case, we use equality 
in distribution rather than that of expectations to obtain H.

Below, we show the code that we have used to implement the KS-GHE(1) method in 
python.

Fig. 3 Graphs of functions g between H = 0 and H = 1 with the KS‑TA method for a fractional Brownian 
motion with size 210 . The Hurst exponents are A 0.1, B 0.5, and C 0.9
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Testing the algorithms
We test the introduced procedure in this section by comparing the accuracy to calcu-
late the Hurst exponent on fractional Brownian motions of the GHE(1), TA, FD4, and 
the KS version for each of them. Monte Carlo simulations are implemented to test 
the algorithms. We generate 1000 sample paths of self-similar processes with station-
ary increments of a fixed length. For a given 0 < H < 1 , we considerer a process with 
such a Hurst exponent H. For these simulations, we use fractional Brownian motions. 
Tables 1, 2, and 3 show the mean and standard deviation of the simulations for the differ-
ent methods.

Note that if two methods show a mean value close to the theoretical value of H, then 
the method with the lower standard deviation is better because all the estimations are 
closer to the theoretical value, indicating higher accuracy.

Tables  1 and 2 show how the results for small lengths are similar. In both cases, 
(GHE(1) and TA), the classical methods are slightly more accurate for low H. However, 
for higher H, the results of the KS-GHE(1) and KS-TA methods are slightly better. If we 
increase the size of the series, we can observe how the new methods are more accurate 
than the original GHE(1) and TA methods. For series of length 215 , we can see how the 

Table 1 Results of the Monte Carlo design to calculate the Hurst exponent with GHE(1) and 
KS‑GHE(1) for fractional Brownian motions with different Hs and sizes

H SIZE GHE(1) KS-GHE(1)

MEAN STD MEAN STD

0.1 2
7 0.100 0.040 0.102 0.048

2
10 0.100 0.017 0.100 0.014

2
15 0.100 0.007 0.100 0.004

0.5 2
7 0.497 0.074 0.503 0.072

2
10 0.497 0.041 0.499 0.029

2
15 0.498 0.020 0.499 0.009

0.9 2
7 0.871 0.088 0.883 0.086

2
10 0.882 0.063 0.891 0.054

2
15 0.889 0.043 0.896 0.033

Table 2 Results of the Monte Carlo design to calculate the Hurst exponent with TA and KS‑TA for 
fractional Brownian motions with different Hs and sizes

H SIZE TA KS-TA

MEAN STD MEAN STD

0.1 2
7 0.100 0.053 0.102 0.070

2
10 0.100 0.014 0.100 0.015

2
15 0.100 0.006 0.100 0.003

0.5 2
7 0.492 0.082 0.499 0.081

2
10 0.499 0.034 0.501 0.027

2
15 0.499 0.014 0.500 0.006

0.9 2
7 0.891 0.092 0.897 0.093

2
10 0.897 0.039 0.901 0.030

2
15 0.899 0.016 0.900 0.007
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mean is equal or slightly better. However, in almost all cases, the standard deviation of 
KS-GHE(1) and KS-TA methods is half that of GHE(1) and TA methods, respectively.

Table 3 shows the results for methods FD4 and KS-FD4. In this case, we use the maxi-
mum and the minimum of each period of the series. Therefore, to simulate the fractional 
Brownian motions of a given length l, a fractional Brownian motion of length l × 128 is 
generated, taking the maximum and the minimum values of each sub-period of length 
128, thus arriving at a fractional Brownian motion of length l. This methodology was 
used and can be reviewed (Fernández-Martínez et  al. 2014). The results of the meth-
ods for smaller Hs are somewhat biased because of the previously described fractional 
Brownian motion generation method, because of the necessity for a subinterval length 
greater than 128, as discussed in Fernández-Martínez et  al. (2014). However, the bias 
affects both algorithms, not due to the method itself but to the generation. The simula-
tion results show that the classical method is slightly more accurate on average, but the 
KS-FD4 has a smaller standard deviation. For larger series and higher H, the KS method 
becomes better than the FD4 method.

To strengthen the analysis, we perform a series of statistical tests to show evidence to 
draw the conclusions discussed in previous paragraphs. Given that the results for the 
means of the algorithms are similar in almost all cases, we analyze whether the stand-
ard deviations have a statistical difference. If so, then the standard deviations are dif-
ferent and one is less than the other. We can assert that the results of the method with 
the smallest standard deviation are more accurate. For each pair of methods compared, 
we perform the Levene test (Levene 1960). If the p-value obtained is less than 0.01, we 
can accept that the standard deviations of the methods have statistically significant dif-
ferences at the 99% confidence level. Tables  4, 5, and 6 show the results. The Levene 
tests corroborate the conclusions obtained, showing significant and non-significant dif-
ferences between the standard deviations, obtaining similar results to those mentioned 
previously. Note that especially for large sizes, the equality of the standard deviations is 
rejected. In addition, given that the standard deviations of KS method are smaller, we 
can state that the results of this method are significantly more accurate.

As can be seen, the greater the length of the series, the better the empirical cumulative 
distribution functions are estimated. Hence, the accuracy of the methods increases.

Table 3 Results of the Monte Carlo design to calculate the Hurst exponent with FD4 and KS‑FD4 for 
fractional Brownian motions with different Hs and sizes

H SIZE FD4 KS-FD4

MEAN STD MEAN STD

0.1 2
7 0.186 0.013 0.198 0.011

2
10 0.171 0.006 0.185 0.004

2
12 0.164 0.004 0.179 0.003

0.5 2
7 0.520 0.034 0.526 0.027

2
10 0.512 0.018 0.519 0.012

2
12 0.509 0.012 0.517 0.007

0.9 2
7 0.903 0.070 0.901 0.057

2
10 0.902 0.052 0.902 0.040

2
12 0.899 0.041 0.901 0.030
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Table 4 P‑values obtained in the Levene tests for simulations with GHE(1) and KS‑GHE(1) methods

A p‑value less than 0.01 means that the standard deviations of the two algorithms are significantly different

H SIZE METHOD P-VALUE LEVENE

0.1 2
7 GHE(1) 0.000

KS‑GHE(1)

2
10 GHE(1) 0.000

KS‑GHE(1)

2
15 GHE(1) 0.000

KS‑GHE(1)

0.5 2
7 GHE(1) 0.108

KS‑GHE(1)

2
10 GHE(1) 0.000

KS‑GHE(1)

2
15 GHE(1) 0.000

KS‑GHE(1)

0.9 2
7 GHE(1) 0.356

KS‑GHE(1)

2
10 GHE(1) 0.000

KS‑GHE(1)

2
15 GHE(1) 0.000

KS‑GHE(1)

Table 5 P‑values obtained in the Levene tests for simulations with TA and KS‑TA methods

A p‑value less than 0.01 means that the standard deviations of the two algorithms are significantly different

H SIZE METHOD P-VALUE LEVENE

0.1 2
7 TA 0.000

KS‑TA

2
10 TA 0.114

KS‑TA

2
15 TA 0.000

KS‑TA

0.5 2
7 TA 0.913

KS‑TA

2
10 TA 0.000

KS‑TA

2
15 TA 0.000

KS‑TA

0.9 2
7 TA 0.339

KS‑TA

2
10 TA 0.000

KS‑TA

2
15 TA 0.000

KS‑TA
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Application of the algorithm to stock prices in the S &P500 index
This section is devoted to the study of the application of KS methods to stock price 
series. To do this, we study the stocks in the S &P500 index and determine if the stock 
prices can be considered a self-similar series. Note that the prices used are close prices 
adjusted by splits and dividends. In literature, certain checks are sometimes performed 
to see the self-similarity of the series. However, in several cases, no check is performed 
and the hypothesis that the stock price series are self-similar is directly accepted. We 
propose using the KS algorithm to study the self-similarity of the series.

A technique used to check the self-similarity of the series is that the coefficient of 
determination of the linear regression of the method used to estimate H is close to one. 
When we estimate the Hurst exponent with a linear regression (4, 6, or 9), we have to 
obtain a coefficient of determination close to 1. Thus, we can accept that the series has 
a self-similar behavior. However, this procedure does not provide us with information 
about how close the result must be to 1 to accept the self-similarity of the series. In addi-
tion, in this way, we usually check that the means verify self-similarity, but we do not 
obtain information on the self-similarity of the whole series.

To solve this problem, we use the KS method proposed in “The KS method” section. 
Specifically, we use KS-TA but any KS method can be used. We take the stock prices 
of the S &P500 index and estimate the Hurst exponent with the TA algorithm. Note 
that in the following, we always work with the price logarithm instead of the price 
itself such that we can study the results of the KS tests. Our objective is to see if the 
relationship of the TA method (5) holds. For each τ selected, we do a KS test between 
the samples of AT (1,ω) and AT (τ ,ω)

τH+1  , using H as the Hurst exponent estimated with 
the TA method. The confidence level used is 99%. Thus, if the p-value obtained with 

Table 6 P‑values obtained in the Levene tests for simulations with FD4 and KS‑FD4 methods

A p‑value less than 0.01 means that the standard deviations of the two algorithms are significantly different

H SIZE METHOD P-VALUE LEVENE

0.1 2
7 FD4 0.000

KS‑FD4

2
10 FD4 0.000

KS‑FD4

2
12 FD4 0.000

KS‑FD4

0.5 2
7 FD4 0.000

KS‑FD4

2
10 FD4 0.000

KS‑FD4

2
12 FD4 0.000

KS‑FD4

0.9 2
7 FD4 0.000

KS‑FD4

2
10 FD4 0.000

KS‑FD4

2
12 FD4 0.000

KS‑FD4
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the test is less than 0.01, we reject the null hypothesis (the samples come from the 
same distribution). We accept that the series is self-similar for the estimated H if the 
p-value is greater than 0.01 for all the selected τ  = 1 (equality in distribution of the 
method is satisfied). In this case, if we perform a total of n tests at a confidence level 
of 99%, we accept that the series is self-similar with a confidence level of (0.99n · 100) % 
if the equality of the distributions is accepted in all cases, and reject it otherwise. 
Thus, we obtain a method that, with a certain level of confidence, determines whether 
we can accept that the series of interest is self-similar or not. An important factor in 
this matter is that once H has been estimated in the samples taken to carry out the KS 
test, we must take these samples without overlapping. It means that the samples are 
disjointed. For example, for the TA method, if we take the triangles with vertices at t, 
t + τ and t + 2τ , then the next triangle has vertices at t + 2τ , t + 3τ and t + 4τ.

We analyze the stocks in the S &P500 index with the proposed method to check 
the self-similarity of the series. Table 7 shows that we can see the percentage of price 
series (that refer to the logarithm of the price) of the stocks of the index that satisfy 
the self-similar relationship (Self-Similar (%)), number of days used (Days), number 
of price series evaluated (N Price Series), and the final confidence level (Confidence 
Level (%)) to estimate the Hurst exponent with the TA method.

Please note that a year equals approximately 256 business days and the series used 
have the duration indicated and end in September 2021.

Table 7 shows that a high percentage of the stocks in the S &P500 index satisfy the 
TA method relationship in all cases. Therefore, we can accept that most of the series 
are self-similar with a high confidence level. If we use fewer trading days, then we 
have a higher confidence level (obtained as (0.99n · 100) %, where n is the number of τ s 
used). The reason is that we will use fewer τ s and thus require fewer KS tests. How-
ever, the self-similarity is not verified in a few cases. With the help of the KS method, 
we can check the self-similarity of each stock price to determine if the estimated H is 
incorrect with a high level of confidence.

If we analyze the series that do not verify self-similarity, we can observe some inter-
esting data. On the one hand, we see for which particular τ s the self-similarity of the 
series fails, that is, for what τ the equality in distribution between AT (1,ω) and AT (τ ,ω)

τH+1  
in each series is not verified.

Table 8 shows how often each τ fails the KS test as a function of the length of the 
series. Note that in a series, the KS test can fail for several τ s, and thus, the total 

Table 7 Percentage of stocks in the SP &500 index that satisfy the self‑similarity property at the 
given confidence level

Days N price series Confidence level (%) Self-similar (%)

128 503 97.03 99.01

256 503 96.05 97.61

512 501 95.10 96.21

1024 496 94.15 95.36

2048 473 93.21 89.64

4096 412 92.27 82.77
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number of series used (for a fixed length) is not equal to the sum of failures for each τ . 
The failures of the KS test occur more frequently for τ s of intermediate length.

On the other hand, we analyze the influence of the estimated H used for the KS 
tests, to see if for given values of H there are more failures in the tests. In particular, 
we distinguish series with H greater (persistence) or less (anti-persistence) than 0.5. 
In this way, we can check if for these series, the failure rates remain the same or are 
higher for other values of H. Table 9 shows the number of series for which any KS test 
fails according to the estimated Hurst exponent. We can observe that for all durations 
(except for 128 days), the percentage of series with H less than 0.5 that fail the KS test 
is higher than the percentage of series with H greater than 0.5. If we group the series 
with different lengths, we obtain that 8.78% of the series with H less than 0.5 can fail 
to verify the self-similarity relationship, whereas this percentage would be 3.14% for 
the series with H greater than 0.5

The above procedure can be used for all KS methods described in this study. The 
only difference is the required equality in distribution relationship of the correspond-
ing method. Moreover, this procedure can be combined with other traditional meth-
ods that use a linear regression as a consequence of equality in distribution, such as 

Table 8 Number of series for which the KS tests fail depending on the length of the series and τ

DAYS N Price Series NUMBER OF SERIES FOR WHICH THE KS TEST FAILS

τ = 2 τ = 4 τ = 8 τ = 16 τ = 32 τ = 64 τ = 128 τ = 256

128 5 1 1 3 – – – – –

256 12 5 4 1 2 – – – –

512 19 2 4 6 3 5 – – –

1024 23 1 6 7 4 3 5 – –

2048 46 2 11 16 10 13 3 0 –

4096 71 11 9 19 22 20 4 2 1

Table 9 Number of series for which any KS test fails and the total number of series with the 
indicated H 

DAYS H ESTIMATED N SERIES KS TEST 
FAILS

N SERIES PERCENTAGE (%)

128 0 < H ≤ 0.5 3 342 0.88

0.5 < H < 1 2 170 1.18

256 0 < H ≤ 0.5 10 314 3.18

0.5 < H < 1 2 189 1.06

512 0 < H ≤ 0.5 9 201 4.48

0.5 < H < 1 10 300 3.33

1024 0 < H ≤ 0.5 15 175 8.57

0.5 < H < 1 8 321 2.49

2048 0 < H ≤ 0.5 40 257 15.56

0.5 < H < 1 9 216 4.17

4096 0 < H ≤ 0.5 60 271 22.14

0.5 < H < 1 11 140 7.14
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those described in “Methods for the estimation of the Hurst exponent with an equal-
ity in distribution”  section.

In fact, we can construct a confidence interval for the Hurst exponent. This interval 
can be formed by all the H between 0 and 1 for which the KS test accepts that the 
samples come from the same distribution for all τ s. If the estimated H is between 
the limits of the interval, then at a certain confidence level, the series is self-similar. 
Therefore, if we estimate H and it is not in this confidence interval, then we can say 
that our estimation has not been good at this confidence level because the series is 
not self-similar.

We show the confidence intervals for several selected examples of stocks in the S 
&P500 index. In the procedure, we estimate the Hurst exponent of the series (with a 
length of 1024 trading days, that is, about 4 years) with the TA method. Then, we com-
pute the confidence interval at which the estimated H makes the series self-similar. If our 
estimation of H is outside of the interval, we cannot be sure that the series is self-similar 
for the estimated H at the confidence level. Thus, the obtained value of H is not reliable.

Table 10 shows the results of several examples of the confidence intervals described 
above. On the one hand, for CHD, CCL, and EQIX, we can say that for the estimated 
H, the stocks prices do not satisfy the self-similarity, because the calculated H is outside 
the confidence interval. This result can lead to inappropriate interpretations of the H 
exponent. For OKE, APTV, and NRG, the estimated H with the TA method is within the 
confidence interval. However, the confidence intervals in all cases are too large. Thus, we 
can say that for the estimated H, the self-similarity is verified, but we do not obtain more 
information about the estimation.

Now, we analyze an example in which the estimated H is not in the confidence interval 
to discuss what might happen. We take the stock prices of CHD. The H estimated with 
the TA algorithm is 0.498. Figure 4 shows an observable linear regression of the method, 
where we obtain a determination coefficient of 0.999. Thus, there is nothing unusual.

We now study how the confidence interval has been constructed. Figure 5 shows that 
for each τ , the p-values of the Kolmogorov–Smirnov test for each H between 0 and 1. 
The figure also shows a vertical line with the estimated Hurst exponent (H), a horizontal 
line with the p-value 0.01, and the 94.15% confidence interval (C.I.). The results show 
that the estimated H verifies self-similarity for all τ s except for τ = 64 , for which it is 
rejected that the data are derived from the same distribution.

Table 10 Examples of the confidence intervals, at a 94.15% confidence level, for the estimated Hs 
with the TA method for several stocks of the S &P500 index using 1024 trading days

Stock H estimated Confidence Level

OKE 0.602 (0.475, 0.717)

APTV 0.530 (0.414, 0.545)

NRG 0.542 (0.444, 0.667)

CHD 0.498 (0.525, 0.677)

CCL 0.549 (0.354, 0.515)

EQIX 0.468 (0.535, 0.606)
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Fig. 4 Linear regression of the TA method

Fig. 5 Confidence interval of Hs for which the series is self‑similar at 94.15%

Fig. 6 Distributions of the samples of the TA method
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To study the possible reasons of the results, we analyze the distributions for each τ (see 
Fig. 6). We observe the distribution for τ = 64 differs from the rest of τ s, in particular 
from τ = 1 . Thus, as expected, self-similarity has been rejected for this value of H.

With this example, we illustrate why self-similarity is rejected for the estimated H and 
show how the confidence interval for H is generated.

Conclusions
This study adds to previous financial literature (Sánchez-Granero et al. 2008; Couillard 
and Davison 2005; Dimitrova et al. 2019, or Sánchez et al. 2015) that aims to solve the 
deficiencies in the estimation and interpretation of the Hurst exponent.

The contributions of this study are twofold. First, we introduce a new procedure to 
improve the estimation of the Hurst exponent in financial time series. This procedure 
can be applied to any estimation method based on equality in distribution, as illus-
trated with three of the most popular methods: GHE(1), TA, and FD4. We test the new 
approaches that are called KS-GHE(1), KS-TA, and KS-FD4 and then compare them 
with the original approaches, proving their higher accuracy, mainly for long series where 
the standard deviations of the new methods are approximately half of the original ones.

Another important advantage of this new approach is its basis on equality in distri-
bution, whereas the original approaches use equality in some absolute moment, which 
is a weaker condition. Consequently, the results obtained are more reliable and robust. 
The second contribution is that although financial literature accepts that logarithmic 
price series are self-similar, which is a necessary condition for all Hurst exponent estima-
tion algorithms, this study provides evidence that pure price series are not necessarily 
self-similar. Based on this new approach, we offer a method to verify the self-similarity 
condition.

Consequently, the KS approach introduced turns out to be highly accurate and robust 
for estimating the Hurst exponent. Thus, its implementation under the described condi-
tions can allow portfolio managers, investors, and policymakers to ensure that market 
decisions are not based on inadequate interpretations of market efficiency.
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